We present results from a quantum and semiclassical theoretical study of the ρ xy and ρ xx resistivities of a high mobility 2-D electron gas in the presence of a dilute random distribution of tubes with magnetic flux Φ and radius R, for arbitrary values of k f R and F = eΦ/h. We report on novel AharonovBohm type oscillations in ρ xy and ρ xx , related to degenerate quantum flux tube resonances, that satisfy the selection rule (k f R) 2 = 4F (n + 1 2 ), with n an integer. We discuss possible experimental conditions where these oscillations may be observed.
standard AB contribution [8] . The Iordanskiǐ term in ρ xy , which is not taken into account in the differential cross section, is due to the scattering of electrons by finite radius flux tubes and has essentially the same origin as the AB effect [9] , for both are topological in nature and due to the long range properties of the vector potential. This means, as we see below, that the contribution from (ii) to the Hall resistance only depends on the value of F and not on the specific magnetic flux profile chosen in the analysis.
The modification to the Hall resistivity, ρ xy , due to the inhomogenous field can be represented by a Hall coefficient, α, which is defined by the expression [3] ρ xy = α(k f R, F ) B n e e ,
where n e is the electron density and B the magnetic field. In the Born approximation of the Kubo formula the transport coefficients are expressed in terms of the scattering cross section f (φ), with φ the electronic scattering angle [6, 4] . Explicit limiting values of α have been calculated in the extreme quantum α(k f R ≪ 1) = 1 2πF sin (2F π) and semi-classical limits α(k f R ≫ 1) = 1 [4, 5] . We use these two results as constraints to be satisfied in our calculations. Previous studies were restricted to these two limits because of mathematical difficulties in the evaluation of the scattering amplitude f (φ) in the whole k f R and F ranges. These difficulties were identified by Khaetskiǐ [4] and are essentially related to the singularity in the AB and Iordanskiǐ scattering in the forward direction. In the AB case f AB (φ ∼ 0) ∼ 1/sin(φ/2), which would lead to an infinite α [5, 7] .
Below we present the results of an explicit evaluation of f (φ) in the whole range of k f R and F values. More importantly, we use these results to calculate α and the magnetoresistance ρ xx in the extended parameter range. Since the calculational problems arise in the forward scattering region we consider the regularized scattering amplitude
with ǫ the regularization parameter, which is taken to zero at the end of the calculations.
Here δ m is the phase shift associated with the m th partial wave and can be written as 
imθ , which has the required form for incoming plane waves and outgoing circular waves. Here J ν (k f r) and N ν (k f r) are the Bessel and Neumann functions of order ν = |m + F | (see Ref. [10] for more details).
Including the contributions (i-iii) we can then write the Hall coefficient as,
The first term is the regularized Boltzmann contribution while we wrote the second topological term following Iordanskiǐ [7] . An important property of this expression is that it fully reduces to the extreme quantum and semiclassical results mentioned above. In this expression, as long as ǫ is finite, there is no singularity in f ǫ (φ) and we can perform the integral. After evaluating this integral using Eq. (2), and from the general fact that [δ m+1 − δ m ] → 0 in the limit |m| → ∞, we get the finite result
This equation is one of the main results of this paper, for it provides an algorithm to calculate α for arbitrary values for the parameters k f R and F . The number of terms needed in the sum will depend on the parameter range considered.
The corresponding linear response theory result for the magnetoresistance ∆ρ xx is
where τ is the time between electronic flux tube collisions, within the Kubo-Born approximation, and N F the concentration of magnetic flux tubes. When the magnetic field is zero the transport scattering time is τ i = ℓ i /v f , with v f the Fermi velocity and ℓ i the impurity scattering elastic mean free path, which is assumed to be much larger than 2R.
We now proceed to present our results from the direct evaluation of Eqs. (4) and (6) .
Later in this paper we present a physical explanation of these results using a semi-classical analysis. In plotting these results we have used the typical experimental parameter values given in the captions. In Fig.1(a) we show α as a function of k f R for different values of F .
The curve F = 1/2 corresponds to an extended range of Fig. 3 in Ref. [3] . We note that for values of F ≤ 1, α is a monotonic function of k f R. Notice, however, that for F = 3/4, α can become negative for small values of k f R, which comes from our careful treatment of the extreme quantum region. For F ≥ 2 we see clear oscillations in the α vs k f R curves [14] . We now provide a physical interpretation of these results in the semi-classical limit. To understand the semi-classical analysis, we start by discussing the classical problem [15] .
We note that the energy, E = . This range of possible total angular momenta is such that the circular orbit stays completely within the flux tube. Classically, these circular orbits can not be reached by a scattering process.
However, quantum mechanically the scattering electron can tunnel through this potential barrier and form a quasi-bound state inside the flux tube for a finite time, and then escape again. In the classical calculation of the Hall resistivity and magnetoresistivity shown by dashed lines in the figures, we computed the classical differential cross-section which was used in Eqs. (1), (3) and (6), in place of |f (φ)| 2 .
In the semi-classical analysis we associate a classical circular orbit to each quasi-bound state. Using the standard Bohr-Sommerfeld quantization condition it is easy to show that the quasi-bound states are degenerate and occur at quantized values of the energy, E n /hω c = (k f R) 2 /4F = n + 1/2, with n an integer. This result is the analog of the Landau level condition in a homogeneous magnetic field. The factor n + 1/2 gives the total number of flux quanta enclosed by the circular orbit. Since the quanta of flux in the tube is equal to F , the quantum number n ranges from 0 to [F ] − 1. Moreover, the quantized total angular momentum, J m = mh, leads to a degeneracy of the n levels. This degeneracy is equal to the total number of quantized circular orbits which we can put inside the flux tube. From the range of classically allowed circular orbits mentioned above, we deduce that the allowed m
Therefore, we conclude that the degeneracy is
In the figures, the arrows indicate the position of the principal quantum number n calculated using the selection rule (k f R) 2 = 4F (n+1/2).
We observe that they are remarkably well aligned with some maxima and minima of ρ xx and ρ xy . Furthermore, we have numerically determined that each resonance in ρ xx and ρ xy occurs at a preferential angular momentum J m = mh for some m. We arrived at this conclusion by Semi-classically, as m decreases the resonances correspond to rotationally asymmetric orbits leading to larger ρ xy , as observed in Fig.1(b) . Note that the number of resonances observed for a particular quasi-bound state level should be equal to the degeneracies of this level.
However, near m 1 , the amplitude of the resonances is suppressed due to the exponentially small tunneling probability through the potential barrier (= [J + β] 2 /2). For example note that ρ xy = 0 at F = 50 in Fig.1(b) . On the other hand, for each quasi-bound state level, the observed resonances with the smallest m (m=3, 0, -7, -51 in Fig.1(b) ) correspond precisely to the value m 2 derived semi-classically.
We now consider the possible experimental conditions necessary to observe the galvanomagnetic oscillations described in this paper. The variation of k f R in the ranges of interest has already been achieved [1, 3] . New techniques need to be developed to produce larger values of F inside the flux tubes. We discuss a couple of possibilities that have already been suggested to us. The general idea is to have the usual Hall bar shown schematically in the inset of Fig.2(a) , with the inhomogenous magnetic field produced by a dilute distribution of magnetic flux tubes of strength F . One possible way to get larger values of F experimentally is by depositing randomly located submicron size superconducting dots or pillars on top of the 2DEG, in a manner similar to the way the dot and antidot systems have been fabricated [11, 12] . Alternatively, one may drill randomly located sumbmicron holes in the superconducting layer by using electron beam lithography [13] . In both cases, by following a magnetic field cooling technique the magnetic flux may be pinned inside the dots thus trapping a large bundle of flux quanta. As in the antidot systems we do not expect that the oscillations found here will be significantly affected by temperature or Coulomb effects, provided the temperatures are sufficiently low and the charging energy effects are not significant for the superconducting pillars fabricated.
In conclusion, we have presented a detailed analysis of the transport properties of a 2-D electron gas system in the presence of a dilute gas of randomly located magnetic flux tubes for arbitrary values of k f R and F . The main result from our analysis is the presence of novel AB-like oscillations in the galvanomagnetic properties of the system. These oscillations are explained in terms of the degenerate resonant levels, satisfying the selection rule (
), due to the effective trapping potentials produced by the flux tubes. A more extensive presentation of the results described here will appear elsewhere [16] . See text for further details.
